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Abstract
By applying the known expressions for SYM and SUGRA tree amplitudes, we write generating
functions for the NNMHV box coefficients of SYM as well as the MHV, NMHV, and NNMHV
box coefficients for SUGRA. The all-multiplicity generating functions utilize covariant, on-shell
superspace whereby the contribution from arbitrary external states in the supermultiplet can be
extracted by Grassmann operators. In support of the relation between dual Wilson loops and SYM
scattering amplitudes at weak coupling, the SYM amplitudes are presented in a manifestly dual
superconformal form. We introduce ordered box coefficients for calculating SUGRA quadruple
cuts and prove that ordered coefficients generate physical cut amplitudes after summing over
permutations of the external legs. The ordered box coefficients are produced by sewing ordered
subamplitudes, previously used in applying on-shell recursion relations at tree level. We describe
our verification of the results against the literature, and a formula for extracting the contributions
from external gluons or gravitons to NNMHV superamplitudes is presented.
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I. INTRODUCTION
Supersymmetric gauge theory is profoundly linked to string theory, perturbatively and
at strong coupling. The prescient work of Nair [1] recognized the Parke-Taylor scattering
amplitudes of SYM as fermion correlators on a sphere. This result was generalized by Witten
[2] to describe a weak-weak coupling duality between SYM and D-instantons of the B-model
topological string in supersymmetric twistor space. Other topological, dual descriptions of
SYM have been proposed by Berkovits [3, 4], Neitzke and Vafa [5], and Siegel [6]. The
representation of scattering amplitudes in twistor space has been studied since the inception
of twistor theory [7]. The BCFW on-shell recursion relations for spacetime signature (2, 2)
have recently been formulated in twistor space [8], and a CSW prescription for SYM is
presented in Ref. [9].
The AdS/CFT correspondence relates the quantum theories of weakly coupled Type IIB
strings in an AdS5×S5 geometry to strongly coupled SYM on the four-dimensional boundary
of AdS5. In light of this correspondence, Alday and Maldacena [10] conjectured that the
strong-coupling limit of n-gluon scattering amplitudes, to all-loop order, in SYM are related
to minimal surfaces in AdS5. The minimal surface is a polygon with light-like edges [xi, xi+1],
where the dual coordinates xi are related to the gluon momenta by p
µ
i = x
µ
i − x
µ
i+1. This
method of evaluating SYM amplitudes is equivalent to calculating a dual Wilson loop along
the light-like polygon edges [xi, xi+1]. The scattering amplitude/dual-Wilson loop duality
is conjectured to hold for weak and strong coupling, with agreement confirmed up to the
six-point, two-loop MHV amplitude [11, 12, 13, 14, 15].
In Ref. [16], it was observed that the integrals required for the three-loop MHV am-
plitudes, calculated by Bern, Dixon, and Smirnov [17], are conformally covariant when
formulated in the dual x-coordinates. The relationship with Wilson loops, which have a
conformal symmetry, hinted at the presence of an unexpected dual-conformal symmetry for
SYM scattering amplitudes. The conformal symmetry of Wilson loops is manifested as an
ultraviolet-anomalous Ward identity. The conformal Ward identity dictates the form of the
finite part of up-to-five cusp Wilson loops at weak [13, 14] and strong coupling [18, 19].
Aiming to explain why the MHV amplitudes continue to agree with the Wilson loop duality
beyond five cusps, the authors of Ref. [20] postulate a new, larger symmetry at work, the
N = 4 superconformal symmetry SU(2, 2|4) acting on dual superspace coordinates.
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The unitarity method [21, 22] supplies the technology we use for manifestly on-shell
calculations of loop-diagram quantum corrections to scattering amplitudes in quantum field
theory. In a generalized unitary approach [23], the coefficients of loop integrals are obtained
by “cutting” multiple virtual particles, exposing the loop-integral coefficients as products
of on-shell tree amplitudes. Quadruple cuts [24] yield integral coefficients which are the
product of four on-shell trees, and quadruple cuts freeze the remaining Lorentz-invariant
phase-space integrals to a finite set of solutions for the on-shell loop momenta. The “no-
triangle property” of SYM and SUGRA [25, 26, 27, 28, 29, 30] allows one-loop amplitudes to
be completely specified by quadruple cuts. The first cut calculation of SUGRA amplitudes by
exploiting the KLT relations between gravity and squared gauge-theory tree amplitudes were
carried out in Ref. [31]. Multi-leg results for SUGRA box coefficients were first presented in
Ref. [26].
On-shell recursion relations for amplitudes in on-shell superspace [25, 32, 33, 34] allowed
the authors of Ref. [35] to expose SYM tree amplitudes in a manifestly dual superconformal
form. Although infrared divergences spoil the dual conformal properties at one loop, in
Ref. [36] the authors develop a supersymmetric version of generalized unitarity. The ratio
between the NMHV and MHV one-loop superamplitude is a dual conformal invariant [36, 37,
38]. The use of covariant, on-shell superspace allows the supersymmetric sums over states
crossing unitarity cuts to be written as Grassmann integrals [20]. Diagrammatic methods
for directly computing such sums are presented in Ref. [39]. In the present paper, we apply
generalized unitarity in on-shell superspace to calculate the NNMHV amplitudes for SYM
at one loop.
The on-shell superspace description of maximally supersymmetric Yang-Mills requires
only minor modifications to be applied for SUGRA. The contributions of MHV and non-
MHV amplitudes to SUGRA scattering are likewise classified as coefficients of Grassmann-
valued polynomials. In Ref. [40] the authors invented “ordered subamplitudes” for SUGRA
tree amplitudes. The subamplitudes are added together with permutations of (n − 2) of
the external legs to yield a physical amplitude. The use of ordered subamplitudes allowed
efficient application of on-shell recursion relations, and the authors present the MHV, NMHV
and NNMHV contributions to SUGRA tree amplitudes. Echoes of the intriguing squaring
relationship between gauge theory and gravity [31, 41, 42] are observed, since the on-shell
recursion relations are seeded with MHV and MHV3 amplitudes which are both proportional
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to squared SYM tree amplitudes.
In this paper we present the planar, one-loop contributions to n-point NNMHV scattering
amplitudes in N = 4 Super Yang-Mills (SYM) and N = 8 Supergravity (SUGRA) theories.
Generalized unitarity allows us to utilize the compact representations of tree level scatter-
ing amplitudes obtained previously through the use of on-shell recursion relations [35, 40].
Scattering amplitudes for SYM at weak and strong coupling are conjectured to possess dual
superconformal symmetry, a new symmetry beyond the familiar supersymmetry and confor-
mal invariance. Our results for the one-loop amplitudes of SYM confirm that the NNMHV
box coefficients are covariant under dual superconformal transformations.
We prove that ordered tree amplitudes for SUGRA may be sewn together to yield “or-
dered box coefficients” via generalized unitarity. The ordered box coefficients yield physical
box coefficients after adding the permutations of all external legs. We calculate explicit
expressions for the ordered box coefficients which contribute to SUGRA at one loop.
This paper is organized as follows. We begin with a review of the on-shell, covariant
superspace formalism for describing scattering amplitudes in SYM and SUGRA. In this
framework the contributions to SUSY amplitudes of Grassmann degree (N k) generate the
NkMHV scattering amplitudes. Next we describe the tree-level SYM amplitudes we require
and review generalized unitarity in the construction of supersymmetric box coefficients. We
calculate the NNMHV box diagrams for SYM and present the box coefficients. Our results
for supersymmetric scattering amplitudes are expressed as Grassmann-valued generating
functions, exploiting the on-shell superspace formulated by Drummond, Henn, Korchemsky,
and Sokatchev [20].
In order to efficiently calculate SUGRA box coefficients, we introduce “ordered box coef-
ficients.” The ordered box coefficients are formed by fusing ordered tree-level subamplitudes
via unitarity. After summing over external leg permutations, the ordered box coefficients
yield physical quadruple-cut coefficients. We proceed then to write the MHV, NMHV, NN-
MHV box coefficients for SUGRA in the on-shell superspace language. We then present a
simple formula for extracting gluon and graviton scattering amplitudes from the NNMHV
superamplitudes. Finally we describe the checks we have performed in comparison with
amplitudes in the literature.
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II. PRELIMINARIES
A. Spinor helicity formalism
In order to efficiently utilize the four-dimensional polarization and momenta data for
a scattering process, we describe amplitudes in the spinor helicity formalism for massless
particles. In this formalism we write the Weyl spinors λα and λ˜α˙ for a particle with complex
and null momentum p as
λ(p) = |p−〉 = |p〉, λ˜(p) = |p+〉 = |p], (2.1)
suppressing the spinor indices. The convention we use is that |p〉 and |p] have helicity weights
of ∓ 1
2
, respectively. This helicity assignment is consistent with the polarization vectors for
an on-shell particle with momentum p, with reference spinors |µ〉 and |µ],
/ǫ+(p) =
|µ〉[p|
〈µ p〉
, /ǫ−(p) =
|p〉[µ|
[p µ]
. (2.2)
The null momentum /p is written in this formalism as a bi-spinor,
/p = λ(p)λ˜(p) = |p〉[p|. (2.3)
The Lorentz invariant spinor inner-products between spinors for the particles labeled i and
j are denoted
ǫαβλi αλj β = 〈i j〉, ǫ
α˙ β˙λ˜i α˙λ˜j β˙ = [i j]. (2.4)
In this formalism the spinor products for strings of momenta and spinors are expressed as,
for example,
〈a|/k/p|b〉 = 〈a|kp|b〉 = 〈a k〉[k p]〈p b〉. (2.5)
B. Covariant description of on-shell superspace
Now we discuss the manifestly Lorentz covariant description of the N = 4 multiplet of
massless states as formulated by Drummond, Henn, Korchemsky, and Sokatchev [20]. The
covariant description utilizes the bi-spinor representation of a complex and null momentum
in four dimensions,
(σµ)αα˙p
µ = /pαα˙ = λαλ˜α˙. (2.6)
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Then the supersymmetry algebra generated by qAα and q¯Aα˙ for 1 ≤ A ≤ N is written as
{qAα , q¯Bα˙} = δ
A
B λαλ˜α˙. (2.7)
In reference to the null momentum p, the spinor components of qAα can be decomposed into
two linearly independent spinors, qAα = (q
A
α )‖+(q
A
α )⊥, one parallel and one orthogonal to the
spinor λα. The parallel component satisfies λ
α(qAα )‖ = 0, and one defines the operator q
A
through the relation (qAα )‖ = λαq
A. Then the operator-valued part of (qAα )⊥ is chosen to be
qA⊥ = λ
αqAα . Similar considerations apply for the decomposition of q¯Aα˙ relative to the spinor
λ˜α˙. Forming the spinor product with λ and λ˜ on both sides of the supersymmetry algebra
eqn. (2.7), one finds the algebra
{qA⊥, q¯B⊥} = {q
A
⊥, q¯B} = {q
A, q¯B⊥} = 0,
{qA, q¯B} = δ
A
B. (2.8)
Then we can identify a maximal, mutually anticommuting set of operators (i.e. annihilation
operators) to be either {qA, qA⊥, q¯A⊥} or {q¯A, q
A
⊥, q¯A⊥}.
The vacuum state is defined as the state annihilated by the chosen set of annihilation
operators and with helicity (h) with respect to the null vector p. Following the convention
established in Ref. [20], we choose the set of annihilation operators {qA, qA⊥, q¯A⊥}. The
remaining operators q¯A are creation operators whose action changes the helicity of a state
by (−1/2). Then qA must carry helicity (+1/2) to be consistent with the relations eqn. (2.8).
With a vacuum state of helicity (+1), the states created by repeated application of q¯A have
helicities ranging from (− 1 ≤ h ≤ 1) and produce the N = 4 multiplet of massless states,
self-conjugate under CPT.
The algebra eqn. (2.8) is conveniently realized by Grassmann variables ηA satisfying
anticommutation relations {ηA, ηB} = 0. The operators are identified with
qA = ηA, q¯A =
∂
∂ηA
. (2.9)
The Grassmann variables ηA transform according to the fundamental representation of the
global SU(4) R-symmetry group of N = 4 SYM.
All the component states of the on-shell supermultiplet can be assembled into a single
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super-wavefunction,
Φ(p, η) = G+(p) + ηAΓA(p) +
1
2
ηAηBSAB(p) +
1
3!
ǫABCDη
AηBηCΓ¯D
+
1
4!
ǫABCDη
AηBηCηDG−(p). (2.10)
The different states in the supermultiplet are obtained from the super-wavefunction by the
action of q¯A. For example, the positive-helicity gluon state is G
+(p) = Φ(p, η)|η=0, and
the negative-helicity gluon state is given by G−(p) = ǫABCDq¯Aq¯B q¯C q¯DΦ(p, η)|η=0. Each
component particle of the supermultiplet is distinguished by a unique power of η. Because
the Grassmann variables ηA have helicity ( + 1/2), each term in the super-wavefunction of
eqn. (2.10) has total helicity ( + 1). The momentum pµ is chosen by convention to be an
outgoing momentum for scattering processes. A physical particle’s momentum is null and
future pointing.
An exercise in Grassmann integration yields an important identity, the single-particle
completeness relation,∫
d4ηΦ(p, η)Φ(−p, η) = G+(p)G−(−p) +G−(p)G+(−p) + ΓA(p)Γ¯
A(−p)
+ Γ¯A(p)ΓA(−p) +
1
2
SAB(p)S¯AB(−p). (2.11)
We will apply this identity to write the sum over each on-shell state in the multiplet as a
Grassmann integral. Thus the discrete sum over particle states which cross an on-shell line
in unitarity cuts and on-shell recursion relations is replaced by integration.
The SYM scattering amplitudes for n external superparticles are denoted
An(pi, ηi) = A(Φ1, . . . ,Φn). (2.12)
The superamplitude is a generating function for the scattering of all particles in the N =
4 multiplet, since the contribution of various component fields to a superamplitude are
distinguished by the particular Grassmann-valued coefficients appearing in the superfield,
eqn. (2.10). For example, a gluon MHV amplitude appears as
An(pi, ηi) =
(
η1
1η1
2η1
3η1
4
) (
η2
1η2
2η2
3η2
4
)
An(1
−, 2−, 3+, . . . , n+) + . . . . (2.13)
As discussed in Refs. [32, 42], the component particle scattering amplitudes are obtained by
applying Grassmann-variable derivatives to a superamplitude. Equivalently, as in Ref. [35],
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Grassmann integrations can be used to isolate a component scattering amplitude. Noting
that ∫
d4η η1η2η3η4 = 1, i.e. δ(4)(ηA) =
1
4!
ǫABCDη
AηBηCηD, (2.14)
and referring to the component fields in eqn. (2.10), negative-helicity gluon contributions, for
example, to an amplitude are selected by the Grassmann-integration
∫
d4η while positive-
helicity gluons are indicated by a factor of unity. Thus MHV, NMHV, and NNMHV gluon
amplitudes are given, respectively, by
An(1
−, 2−, 3+, . . . , n+) =
∫
d4η1d
4η2An(pi, ηi),
An(1
−, 2−, 3−, 4+, . . . , n+) =
∫
d4η1d
4η2dη3An(pi, ηi),
An(1
−, 2−, 3−, 4−, 5+, . . . , n+) =
∫
d4η1d
4η2d
4η3d
4η4An(pi, ηi). (2.15)
Because the N = 4 multiplet is CPT self-conjugate, the same on-shell supermultiplet
could have been obtained by using the triplet of annihilation operators {q¯A, qA⊥, q¯A⊥} with
the creation operators qA. In that case we would write
q¯A = η¯A, q
A =
∂
∂η¯A
. (2.16)
The Grassmann variables η¯A transform in the anti-fundamental representation of SU(4).
The conjugate super-wavefunction is
Φ¯(p, η¯) = G−(p) + η¯AΓ¯
A(p) +
1
2
η¯Aη¯BS¯
AB(p) +
1
3!
ǫABCDη¯Aη¯Bη¯CΓD
+
1
4!
ǫABCDη¯Aη¯B η¯C η¯DG
+(p). (2.17)
For complex momentum, the super-wavefunctions Φ(p, η) and Φ¯(p, η¯) are related by a
Grassman-variable Fourier transform,
Φ¯(p, η¯) =
∫
d4ηeη
Aη¯AΦ(p, η). (2.18)
The conjugate description A¯n of a superamplitude An may likewise be used, where the
conjugate is obtained by the replacements λ→ λ˜, λ˜→ λ, and η → η¯,
A¯n(λ, λ˜, η) = An(λ˜, λ, η¯). (2.19)
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A pair of conjugate superamplitudes are related by a Grassmann Fourier transform,
An(λ, λ¯, η) =
n∏
i=1
∫
d4η¯ie
−ηi·η¯iA¯n(λ, λ˜, η). (2.20)
All scattering amplitudes in this paper are given in the “holomorphic” description, where
every particle is described by the super-wavefunction Φ(p, η).
An n-point N = 4 Super Yang-Mills amplitude An(λ, λ˜, η) is invariant under the super-
symmetry algebra generated by
qAα =
n∑
i=1
λiαη
A
i , q¯α˙A =
n∑
i=1
λ˜iα˙
∂
∂ηAi
, {qAα , q¯α˙B} = δ
A
B pαα˙, (2.21)
where 1 ≤ A ≤ 4 and the total momentum is pαα˙ =
∑n
i=1(pi)αα˙. The superamplitude An
can be expressed, for n ≥ 4, as
An(λ, λ˜, η) = δ
(4)(pαα˙)δ
(8)(qAα )Pn(λ, λ˜, η), (2.22)
where q¯-supersymmetry requires that q¯Pn = 0. For n ≥ 4 superamplitudes, invariance
under q-supersymmetry is manifest because of the delta function. The exceptional three-
point amplitudes are shown in detail below.
The SU(4) R-symmetry for SYM implies that the superamplitude is an SU(4) singlet.
Then Pn is expanded in a series of SU(4)-invariant, homogeneous polynomials of degree
(4k) in the η’s,
Pn =
n−4∑
k=0
P4kn . (2.23)
The invariance under the q¯ supersymmetry can be used to set to zero two of the η variables,
corresponding to two external particles in An, so that the total Grassmann degree of the
polynomial Pn is (4n − 16). Thus the Grassmann degree of the superamplitude, including
the factor of δ(8)(q), is (4n− 8).
Next we will identify the NkMHV scattering amplitudes of the component particles in
the supermultiplet with the Grassmann polynomials P4kn . With each superparticle carry-
ing total helicity ( + 1), the total helicity of an n-point superamplitude is ( + n). The
scattering amplitude in eqn. (2.22) is the product of a momentum delta function with zero
Grassmann-variable and spinor helicity, and the supercharge delta function has Grassmann-
variable helicity of (+4) and spinor helicity of (−4). Since the momentum and supercharge
delta functions in eqn. (2.22) carry total helicity zero, each Grassmann polynomial P4kn has
Grassmann-variable helicity ( + 2k) and thus spinor helicity (n− 2k).
The scattering amplitudes for the component particles of the supermultiplet are obtained
as coefficients of Grassmann-polynomial factors in the superamplitude. According to the
above helicity count, the component-particle amplitudes arising from P4kn in this way have
spinor helicity (n−2k−4). In other words, the Grassmann polynomial P4kn yields a generating
function for the NkMHV amplitudes,
An(N
kMHV) = δ(4)(pαα˙)δ
(8)(qAα )P
4k
n (λ, λ˜, η). (2.24)
We will use the following less-concise but simpler notation,
P4kn = Pn(N
kMHV), (2.25)
to make the relationship between Grassmann polynomials and component amplitudes ex-
plicit.
Momentum conservation for three-point vertices, |i〉[i| + |j〉[j| + |k〉[k| = 0 places ex-
ceptional constraints on the particles’ spinors. By contracting the momentum conservation
condition with, say, |k], we have
|i〉[i k] + |j〉[j k] = 0, (2.26)
and similarly for contractions with |i] and |j]. Instead contracting with |j〉 we find
|i]〈i j〉+ |k]〈k j〉 = 0, (2.27)
and similarly for contractions with |i〉 and |k〉. Both sets of conditions taken together
amount to the trivial solution where all momenta vanish. This is because eqn. (2.26) and
its companions imply that |i〉, |j〉, and |k〉 are all proportional, which, considered together
with eqn. (2.27) and its companions, would imply the vanishing of |i], |j], and |k]. Therefore
we must choose one set of solutions, eqn. (2.26) and its companions or eqn. (2.27) and its
companions, at a three-point vertex.
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III. SCATTERING AMPLITUDES FOR N = 4 SYM
A. SYM tree amplitudes
The tree-level MHV amplitudes of SYM are given by the generating function of Nair,
presented in Ref. [1]. The corresponding Grassmann polynomial of degree zero is
Pn;0(MHV) =
n∏
i=1
1
〈i i+ 1〉
. (3.1)
The MHV amplitudes have obvious q-supersymmetry because of the δ(8)(q) factor, and the
q¯-supersymmetry follows from momentum conservation. MHV three-point tree amplitudes
are well-defined only for the kinematics of eqn. (2.27).
The exceptional three-point MHV vertex, the Grassmann-variable Fourier transform of
the conjugate three-point MHV vertex, has a Grassmann degree of four,
A3;0(MHV) = δ
(4)(pαα˙)
δ(4)(η1[2 3] + η2[3 1] + η3[1 2])
[1 2][2 3][3 1]
. (3.2)
The MHV3 vertex requires using the kinematic constraints of eqn. (2.26). By virtue of these
constraints,
q = |1〉η1 + |2〉η2 + |3〉η3 =
|1〉
[2 3]
(η1[2 3] + η2[3 1] + η3[1 2]), (3.3)
which annihilates eqn. (3.2) to ensure q-supersymmetry. The q¯-supersymmetry follows from
applying the Schouten identity,
|i][j k] + |k][i j] + |j][k i] = 0. (3.4)
We will be using the formulas for NkMHV tree amplitudes deduced from the application
of on-shell recursion relations. Here we review the SUSY generalization [25, 33] of the BCFW
recursion relations [43, 44]. A superamplitude An;0 becomes a meromorphic function of the
complex variable z under the shift of external-particle spinors and Grassmann variables,
|1(z)〉 = |1〉 − z|n〉, (3.5)
|n(z)] = |n] + z|1],
ηn(z) = ηn + zη1.
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This complex shift is chosen to preserve overall momentum and the supercharge q,
p1(z) + pn(z) = p1 + pn, η1|1(z)〉+ ηn(z)|n〉 = |1〉η1 + |n〉ηn. (3.6)
The Feynman diagram representation of scattering amplitudes implies that An;0(z) has
simple poles at the values of z which yield an internal line with on-shell momentum P (z),
P (z)2 = P 2 + z〈n|P |1] = 0. (3.7)
The values of the shift parameter z which yield the multi-particle poles are denoted zP .
Both SYM and SUGRA amplitudes have the remarkable ultraviolet behavior that An;0(z)
vanishes as z →∞, which implies, for the contour at infinity,∮
An;0(z)
z
dz = 0. (3.8)
Then we apply Cauchy’s Theorem, deforming the contour to the origin to yield residues
for the the multiparticle poles at z = zP and at z = 0. Scattering amplitudes factorize
at multiparticle poles, and the residue at z = 0 is simply the desired, unshifted scattering
amplitude. Then we arrive at the BCFW recursion relations in their supersymmetric form,
An;0(z = 0) =
∑
P
∫
d8ηALn;0(zP )
1
P 2
ARn;0(zP ). (3.9)
The sum over intermediate particle states has been written as an integration over the internal
particle’s Grassmann variable.
In Refs. [35, 40], Drummond et al. use the supersymmetric BCFW recursion relations
to develop a graphical algorithm for writing the SYM NkMHV tree amplitudes. All SYM
amplitudes are dual superconformal invariant, depending on the dual conformal invariant
functions
Rl1,...,lrn;a1,b1;...;ar,br ;ab =
〈a a− 1〉〈b b− 1〉δ(4)(〈ξ|xbraxab|θbbr〉+ 〈ξ|xbrbxba|θabr〉)
x2ab〈ξ|xbraxab|b〉〈ξ|xbraxab|b− 1〉〈ξ|xbrbxba|a〉〈ξ|xbrbxba|a− 1〉
, (3.10)
where
〈ξ| = 〈n|xna1xa1b1xb1a2xa2b2 · · ·xarbr . (3.11)
The dual-superspace variables x and θ are related to superspace momenta and spinors by
pi = xi − xi+1 and |i〉ηi = |θi〉 − |θi+1〉, thus, (3.12)
xab = xa − xb =
b−1∑
i=a
pi and |θab〉 = |θa〉 − |θb〉 =
b−1∑
i=a
|i〉ηi.
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In an n-point superamplitude the subscript indices of the dual conformal invariants which
appear range over the values {2, . . . , n− 1}. When the index a attains the lower limit of its
range, the spinor |a− 1〉 is to be modified according to the superscript indices {l1, . . . , lr},
〈a− 1| → 〈n|xnl1xl1l2 · · ·xlr−1lr . (3.13)
Dual conformal invariants with no superscripts present require no modification. We note
for later that the dual conformal invariants (and their modified versions) depend on n only
through the spinor |n〉 and have phase weight zero in |n〉.
For our present purposes we need only the NMHV and NNMHV tree amplitudes. The
dual conformal invariants which appear in these amplitudes are given explicitly by
Rn;ab =
〈a a− 1〉〈b b− 1〉δ(4)(〈n|xnaxab|θbn〉+ 〈n|xnbxba|θan〉)
x2ab〈n|xnaxab|b〉〈n|xnaxab|b− 1〉〈n|xnbxba|a〉〈n|xnbxba|a− 1〉
,
Rn;ab;cd =
〈c c− 1〉〈d d− 1〉δ(4)(〈ξ|xbcxcd|θdb〉+ 〈ξ|xbdxdc|θcb〉)
x2cd〈ξ|xbcxcd|d〉〈ξ|xbcxcd|d− 1〉〈ξ|xbdxdc|c〉〈ξ|xbdxdc|c− 1〉
. (3.14)
where 〈ξ| = 〈n|xnaxab. The NMHV and NNMHV tree amplitudes in SYM are generated by
the Grassmann-valued polynomials
Pn;0(NMHV) =
1∏n
1 〈i i+ 1〉
∑
2≤a,b≤n−1
Rn;ab, (3.15)
Pn(N
2MHV) =
1∏n
1 〈i i+ 1〉
∑
2≤a,b≤n−1
Rn;ab
[ ∑
a≤c,d<b
Rban;ab;cd +
∑
b≤c,d<n
Rabn;cd
]
.
We are using a convention for double summations where it is understood that j ≥ i+ 2 in
a sum
∑
i,j.
In order to carry out the Grassmann integrals appearing in unitarity cuts, it will be
important to notice that the dual conformal invariant factors in the SYM tree amplitudes
are independent of the Grassmann variables η1 and ηn. The dual conformal invariant func-
tions all share the property that they depend on the Grassmann variables through the
dual superspace coordinates θxbr =
∑br
i=x |i〉ηi, where the indices range only over the values
2 ≤ x < br ≤ n − 1. In this form of presenting the amplitudes, therefore, the Grassmann
variables for the external particles η1 and ηn appear only in the overall supersymmetric delta
function.
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FIG. 1: The kinematics used for the box coefficients. All external legs are outgoing and the loop
momenta point counterclockwise. Gray blobs indicate on-shell tree amplitudes.
B. SYM one-loop amplitudes
The planar, color-ordered, one-loop amplitudes An;1 in SYM can be decomposed onto a
basis of scalar box integrals [21, 22] with Grassmann-valued box coefficients,
An;1 = δ
(4)(p)
∑
partitions
(
C4mI4m + C3mI3m + C2mhI2mh + C2meI2me + C1mI1m
)
. (3.16)
The summation runs over all possible distributions of the color-ordered external particles,
and the dimensionally-regularized scalar box integrals are
I(K1, K2, K3, K4) = −i(4π)
2−ǫ
∫
d4−2ǫl
(2π)4−2ǫ
1
l2(l +K1)2(l +K1 +K2)2(l −K4)2
. (3.17)
As illustrated in Fig. 1, the Ki are sums of the momenta leaving each corner of the box.
The four-mass (4m) integrals correspond to (Ki)
2 6= 0 for all four corners; three-mass (3m)
integrals have (Ki)
2 = 0 for exactly one corner; two adjacent Ki have (Ki)
2 = 0 in the
two-mass hard (2mh) integral, and two opposite corners have vanishing Ki
2 in the two-mass
easy (2me) integral; one-mass (1m) integrals have Ki
2 = 0 for three corners of the box. We
will frequently use a slight abuse of notation, using the symbol Ki to indicate both the total
momentum leaving the i-th corner and also the set of external-particle labels for that corner.
For example, we write K1 = p1+ . . .+ps−1 or K1 = {1, . . . , s−1} depending on the context.
The Grassmann-valued box coefficients C are given by the quadruple cuts of the super-
amplitude An;1,
C(K1, K2, K3, K4) =
1
2
∑
S±
∑
J
4∏
i=1
A′ni+2;0(li, {Ki},−li+1). (3.18)
Each A′ni+2;0(li, {Ki},−li+1) is a SYM tree amplitude, with ni external particles in the
cluster Ki, stripped of its momentum-conserving delta function. The unitarity cut coefficient
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contains a sum over all the component particles of the supermultiplet which cross each cut
loop momentum, distinguished by the spin J of each particle.
There are two solutions S± for the complex momenta satisfying the on-shell conditions
for the cut loop momenta, l2i = 0. The pair of general solutions for each loop momentum
are given in [24]. When one corner of the box is massless, the two solutions are given in a
simple form by the authors of Ref. [45]. For numerically checking our results against seven-
point gluon and six-point graviton amplitudes the unitarity cuts with at least one massless
corner are sufficient. Considering the routing of momenta we use in Fig. 1, the solutions are
expressed in terms of the spinors |1〉 and |1] for the massless corner K1,
(l
(±)
1 )
µ = −
〈1±| /K2/K3/K4γ
µ |1∓〉
2 〈1±| /K2/K4 |1
∓〉
, (l
(±)
2 )
µ =
〈1±| γµ/K2/K3/K4 |1
∓〉
2 〈1±| /K2/K4 |1
∓〉
,
(l
(±)
3 )
µ = −
〈1±| /K2γ
µ/K3/K4 |1
∓〉
2 〈1±| /K2/K4 |1
∓〉
, (l
(±)
4 )
µ =
〈1±| /K2/K3γ
µ/K4 |1
∓〉
2 〈1±| /K2/K4 |1
∓〉
. (3.19)
Here we use the spinor notation [1| = 〈1−|, 〈1| = 〈1+|. Noticing that the two solutions
are distinguished according to whether |l1〉 ∝ |l2〉 or |l1] ∝ |l2], we see that the kinematic
solution S+ is applicable when A(l1, 1,−l2) is an MHV3 vertex and S− is used for a MHV
three-vertex. In the equations for box coefficients that follow, we leave implicit the sum over
appropriate loop momenta solutions.
The contribution from each on-shell particle in the supermultiplet which crosses a uni-
tarity cut is conveniently calculated by an integral over the Grassmann variable of each
superparticle, as indicated by the completeness relation of eqn. (2.11). Then the unitarity
cuts contributing to a box coefficient take the general form
C(K1, K2, K3, K4) =
4∏
i=1
∫
dηliA
′
ni+2;0(li, {Ki},−li+1). (3.20)
In the case of n ≥ 4 superamplitudes as given by eqn. (2.22), the loop Grassmann variables
will appear in delta functions of the form δ(8)(|li+1〉ηli+1 −|li〉ηli +
∑b
j=a |j〉ηj) for the cluster
of external legs Ki = pa + . . . + pb at the corner of the box. To carry out the Grassmann
integrations which appear in a box coefficient, eqn. (3.20), we will apply the identity
δ(8)(|li〉ηli − |li+1〉ηli+1 +
b∑
j=a
|j〉ηj)
= 〈li li+1〉
4δ(4)(ηli −
b∑
j=a
〈li+1 j〉
〈li li+1〉
ηj)δ
(4)(ηli+1 −
b∑
j=a
〈li j〉
〈li li+1〉
ηj). (3.21)
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1
FIG. 2: The quadruple-cut diagrams which contribute to NNMHV box coefficients. NkMHV tree
amplitudes are labeled with the number k, and MHV3 and MHV tree amplitudes are indicated
by black and white blobs, respectively. The diagrams are indicated in the text with the labels
4m, III(A − C), and II(A − B), respectively. The last pair of diagrams, which differ by a simple
relabeling, are collectively denoted II(B).
The pair of Grassmann delta functions simply freezes the value of the loop variables ηli and
ηli+1 .
Certain configurations of on-shell three-vertices which could appear in the unitarity cuts
are forbidden because of the kinematic constraints of eqns. (2.26) and (2.27). If two on-
shell MHV, or MHV, three vertices are adjacent and thus share a common particle line,
the special kinematic constraints would require that the pair of external particles at these
vertices must have spinors λ˜, or λ, respectively, which are proportional. General kinematics
does not allow such a restriction. Quadruple cut diagrams with an MHV3 and MHV3 vertex
at opposite corners also vanish for kinematic reasons.
C. NNMHV box coefficients for SYM
Now we describe all the unitarity cuts which contribute to a NNMHV box coefficient, as
in eqn. (3.20). The NNMHV superamplitudes have total Grassmann degree of 16, whereas
the Grassmann degree of MHV3 vertices, MHV amplitudes, and NMHV amplitudes are 4,
8, and 12, respectively. The Grassmann loop integrations for the unitarity cuts each reduce
the total Grassmann degree by four, for a net contribution of −16. Thus to have a NNMHV
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one-loop superamplitude we require the box coefficients to be built from tree amplitudes
with total Grassmann degree of 32. This is achieved in four different ways; there can be
four MHV tree amplitudes, one NMHV with two MHV and one MHV3 tree amplitude, one
NNMHV with one MHV and two MHV3 tree amplitudes, or two NMHV and two MHV3
tree amplitudes. The kinematic restriction on MHV3 vertices which share a common particle
forbids the case with three MHV3 vertices and a N
3MHV tree amplitude. Fig. 2 illustrates
all the box diagrams required for the NNMHV one-loop superamplitudes.
1. All-MHV cut contributions to the NNMHV box coefficients
The unitarity cuts built from four MHV tree amplitudes have Grassmann degree 16 and
thus contribute to the NNMHV one-loop SYM amplitude. The result for this cut coefficient
is presented in Ref. [36]. After calculating the four-mass, all-MHV cut contribution we can
immediately obtain the all-MHV cut contributions to the three-, two-, and one-mass box
coefficients by simply restricting the number of external particles at each tree. We write
C4mr,s,t,u(N
2MHV) to denote the only contribution to the four-mass box coefficient, where
K1 = pr + · · ·+ ps−1, K2 = ps + · · ·+ pt−1, K3 = pt + · · ·+ pu−1, and K4 = pu + · · ·+ pr−1,
and we have
C4mr,s,t,u(N
2MHV) =
4∏
j=1
∫
d4ηlj (3.22)
×
δ(8)(|l1〉ηl1 − |l2〉ηl2 +
∑s−1
r |i〉ηi)
〈l2 l1〉〈l1 r〉 . . . 〈s− 1 l2〉
×
δ(8)(|l2〉ηl2 − |l3〉ηl3 +
∑t−1
s |i〉ηi)
〈l3 l2〉〈l2 s〉 . . . 〈t− 1 l3〉
×
δ(8)(|l3〉ηl3 − |l4〉ηl4 +
∑u−1
t |i〉ηi)
〈l4 l3〉〈l3 t〉 . . . 〈u− 1 l4〉
×
δ(8)(|l4〉ηl4 − |l1〉ηl1 +
∑r−1
u |i〉ηi)
〈l1 l4〉〈l4 u〉 . . . 〈r − 1 l1〉
.
The sum of the delta-functions’ arguments yields the supersymmetric delta function δ(8)(q) =
δ(8)(
∑n
1 |i〉ηi). We replace the argument of the first delta function with q and set the first
delta function aside. Now we use eqn. (3.21) to factor the three remaining δ(8) functions
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into pairs of δ(4) functions to find that their product is
〈l2 l3〉
4δ(4)(ηl2 −
t−1∑
s
〈l3 i〉
〈l2 l3〉
ηi)δ
(4)(ηl3 −
t−1∑
s
〈l2 i〉
〈l2 l3〉
ηi) (3.23)
×〈l3 l4〉
4δ(4)(ηl3 −
u−1∑
t
〈l4 i〉
〈l3 l4〉
ηi)δ
(4)(ηl4 −
u−1∑
t
〈l3 i〉
〈l3 l4〉
ηi)
×〈l4 l1〉
4δ(4)(ηl4 −
r−1∑
u
〈l1 i〉
〈l4 l1〉
ηi)δ
(4)(ηl1 −
r−1∑
u
〈l4 i〉
〈l4 l1〉
ηi).
The Grassmann integrations over ηl2 and ηl1 are now trivial, and the final integrations simply
freeze the values of ηl3 and ηl4. Carrying out the Grassmann integration over the product of
delta functions in eqn. (3.23) gives
1
〈l3 l4〉4
δ(4)(
u−1∑
t
ηi〈l4 i〉〈l3 l2〉 −
t−1∑
s
ηi〈l2 i〉〈l4 l3〉)
× δ(4)(
r−1∑
u
ηi〈l1 i〉〈l4 l3〉 −
u−1∑
t
ηi〈l3 i〉〈l1 l4〉)
=
1
〈l3 l4〉4[l1 l3]4[l2 l4]4
δ(4)(
u−1∑
t
ηi〈l3|l2l4|i〉 −
t−1∑
s
ηi〈l3|l4l2|i〉)
× δ(4)(
r−1∑
u
ηi〈l4|l3l1|i〉 −
u−1∑
t
ηi〈l4|l1l3|i〉)
=
1
〈l3 l4〉4[l1 l3]4[l2 l4]4
δ(4)(〈l3|xtsxsu|θut〉+ 〈l3|xtuxus|θst〉)
× δ(4)(〈l4|xutxtr|θru〉+ 〈l4|xurxrt|θtu〉). (3.24)
In the second equality of eqn. (3.24) we used the identities
〈l3|l2l4|i〉 =〈l3|(l2 − l3)(l4 − l2)|i〉
=〈l3|(K3 +K4 +K1)(K2 +K3)|i〉
=〈l3|xtsxsu|i〉, (3.25)
and similarly for the other terms in the delta functions, introducing in the last line the dual
superspace coordinates from eqn. (3.12). The last line of eqn. (3.24) also applies the overall
supercharge conservation to write, for example,
u−1∑
t
ηi|i〉 = −
t−1∑
u
ηi|i〉 = −θut. (3.26)
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Separating the MHV tree-amplitude factor and simplifying the remaining denominator using
eqn. (3.25), we find
C4mr,s,t,u(N
2MHV) =
〈l4 l1〉〈l3 l2〉
〈l2 l1〉〈l3 l4〉
×
δ(8)(q)∏n
1 〈i i+ 1〉
×
〈s s− 1〉〈u u− 1〉δ(4)(〈l3|xtsxsu|θut〉+ 〈l3|xtuxus|θst〉)
〈l3|xtuxus|s〉〈l3|xtuxus|s− 1〉〈l3|xtsxsu|u〉〈l3|xtsxsu|u− 1〉
×
〈r r − 1〉〈t t− 1〉δ(4)(〈l4|xutxtr|θru〉+ 〈l4|xurxrt|θtu〉)
〈l4|xutxtr|r〉〈l4|xutxtr|r − 1〉〈l4|xurxrt|t〉〈l4|xurxrt|t− 1〉
. (3.27)
In order to simplify the prefactor for four-mass box configurations of momenta, I multiply
the numerator and denominator by the factor [l1 l2][l4 l3] to find that the numerator is
[l1|l2l3l4|l1〉 = tr(−)(/l1/l2/l3/l4)
=
1
2
(2l1 · l2 2l3 · l4 + 2l2 · l3 2l1 · l4 − 2l1 · l3 2l2 · l4 + 4iǫµνρσl
µ
1 l
ν
2 l
ρ
3l
σ
4 )
=
1
2
(∆r,s,t,u + 4iǫµνρσl
µ
1 l
ν
2 l
ρ
3l
σ
4 ). (3.28)
The factor ∆r,s,t,u has the expression
∆r,s,t,u = x
2
rsx
2
tu + x
2
rux
2
st − x
2
rtx
2
su. (3.29)
The epsilon tensor piece can be written as ǫµνρσl
µKν2K
ρ
3K
σ
4 by applying momentum con-
servation. Inside the loop integral, this term vanishes since the loop momentum lµ must
integrate to a sum of the external momenta Kµi .
In cases where the four-mass box degenerates to a three-mass or easy two-mass box, we
can encounter |l1] ∝ |l2] at a MHV three-point vertex. The factor [l1 l2] vanishes in these
cases, and we instead multiply by the factor [l1 l3][l2 l4]. The spinor products in the numerator
can then be written in terms of external leg variables by applying the loop momenta solution
S− in eqn. (3.19). The denominator in these cases is
〈l2|l1l3l4|l2] = 〈l2|l1l3l4|l2] + [l2|l1l3l4|l2〉
= tr(/l2/l1/l3/l4)
= ∆r,r+1,t,u. (3.30)
The factor ∆ we use is twice that found in Drummond et al.
We have now obtained the complete four-mass box coefficient, in agreement with the
result given in Ref. [35]. The four-mass box coefficient is
C4mr,s,t,u(N
2MHV) =
∆r,s,t,u
2x2rs x
2
tu
x2sux
2
rtRl3;tsuRl4;urt ×
δ(8)(q)∏n
1 〈i i+ 1〉
, (3.31)
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where the dual conformal invariant [36] is
Rl;cab =
〈a a− 1〉〈b b− 1〉δ(4)(〈l|xcaxab|θbc〉+ 〈l|xcbxba|θac〉)
x2ab〈l|xcbxba|a〉〈l|xcbxba|a− 1〉〈l|xcaxab|b〉〈l|xcaxab|b− 1〉
, (3.32)
The dual conformal invariant Rl;cab is identical to Rc;ab in eqn. (3.14), but with the spinor
|c〉 replaced by the loop momentum spinor |l〉.
2. NNMHV box coefficients with one MHV3 vertex
The unitarity cuts built from sewing a NMHV tree amplitude, two MHV amplitudes,
and one MHV3 amplitude have a total Grassmann degree of 16 and thus contribute to the
NNMHV one-loop superamplitude. For the three-mass cut contribution we label the external
momenta as K1 = pr for the external leg at the MHV3 vertex, K2 = pr+1 + . . . + ps−1,
K3 = ps + . . .+ pt−1, and K4 = pt + . . .+ pr−1. We calculate the single-MHV3 contribution
to the three-mass box coefficient, denoted CIIIr,r+1,s,t(N
2MHV). The two- and one-mass cut
contributions from such unitarity cuts are determined by restricting the numbers of external
legs at each corner of the box.
There are three distinct configurations to consider, as shown in Fig. 2, depending on the
placement of the NMHV tree amplitude relative to the MHV3 vertex. In cases where the
cluster of external legs K2 is attached to the NMHV tree, the unitarity cut yields
CIII(A)r,r+1,s,t(N
2MHV) =
4∏
j=1
∫
d4ηlj
δ(4)(ηl2 [l1 r] + ηl1 [r l2] + ηr[l2 l1])
[l2 l1][l1 r][r l2]
(3.33)
×
δ(8)(|l2〉ηl2 − |l3〉ηl3 +
∑s−1
r+1 |i〉ηi)
〈l3 l2〉〈l2 r + 1〉 . . . 〈s− 1 l3〉
×
∑
a,b
Rl3;ab
×
δ(8)(|l3〉ηl3 − |l4〉ηl4 +
∑t−1
s |i〉ηi)
〈l4 l3〉〈l3 s〉 . . . 〈t− 1 l4〉
×
δ(8)(|l4〉ηl4 − |l1〉ηl1 +
∑r−1
t |i〉ηi)
〈l1 l4〉〈l4 t〉 . . . 〈r − 1 l1〉
,
where the indices a and b in the NMHV factor satisfy a ≥ r + 1 and a + 2 ≤ b ≤ s− 1. As
noted in Section IIIA, the factor Rl3;ab does not depend on the Grassmann variables ηl2 or
ηl3 . Thus the loop Grassmann integrations only affect the delta functions in the integrand,
which explicitly display the loop’s Grassmann variables.
The product of the delta functions which appears is exactly the same as in the three-mass
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box coefficient for NMHV superamplitudes calculated by Drummond et al. We conclude that
CIII(A)r,r+1,s,t(N
2MHV) = C3mr,r+1,s,t(NMHV)×
∑
r+1≤a,b<s
Rl3;ab (3.34)
= ∆r,r+1,s,tRr;st
∑
r+1≤a,b<s
Rl3;ab ×
δ(8)(q)∏n
1 〈i i+ 1〉
.
For this kinematic arrangement, the factor ∆r,s,t,u simplifies because x
2
r,r+1 = p
2
r = 0 to
become
∆r,r+1,s,t = x
2
rtx
2
r+1s − x
2
rsx
2
r+1t. (3.35)
We have used an identity similar to eqn. (3.30), leading to a result for C3mr,r+1,s,t(NMHV)
which is twice that found in Ref. [36].
The other single-MHV3 contributions to the three-mass box coefficient are illustrated in
Fig. 2. These two diagrams have an NMHV tree amplitude at the corners of the box carrying
momenta K3 and K4, respectively,
CIII(B)r,r+1,s,t(N
2MHV) = C3mr,r+1,s,t(NMHV)×
∑
s≤a,b<t
Rl4;ab (3.36)
CIII(C)r,r+1,s,t(N
2MHV) = C3mr,r+1,s,t(NMHV)×
∑
t≤a,b<r
Rl1;ab. (3.37)
The kinematic constraint |l1〉 = −
[r l2]
[l1 l2]
|r〉 from the MHV3 vertex can be used to write
Rl1;ab = Rr;ab. The factor Rr;ab has zero phase weight in |r〉, so no additional factors are
introduced by this replacement.
Care must be taken when interpreting the dual conformal invariants associated with these
box diagrams. Since the loop leg l3 is adjacent to the external leg labeled s, it is easy to
show that 〈l3|xl3a = 〈l3|xsa. Then we can write Rl3;ab = Rl3;sab and similarly for the other
NMHV factors. Note also that when the label (s− 1) appears in the factor Rl4;ab, it refers
to the loop leg l3. Similar considerations apply when expressing the factor Rl1;ab.
Finally we have the total contribution to the box coefficients from diagrams with a single
MHV3 vertex,
CIIIr,r+1,s,t(N
2MHV) = CIII(A)r,r+1,s,t + C
III(B)
r,r+1,s,t + C
III(C)
r,r+1,s,t (3.38)
= ∆r,r+1,s,t
δ(8)(q)∏n
1 〈i i+ 1〉
× Rr;st
( ∑
r+1≤a,b<s
Rl3;ab +
∑
s≤a,b<t
Rl4;ab +
∑
t≤a,b<r
Rr;ab
)
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3. NNMHV box coefficients with two MHV3 vertices
The last ingredient to complete the NNMHV box coefficients are cut contributions with
two MHV3 vertices. We will calculate the two-mass configurations CIIr,r+1,s,t(N
2MHV), from
which the one-mass contributions will be obtained by restricting the number of external
legs at corners of the box. The kinematic constraint on adjacent MHV3 vertices means that
two-mass cut contributions with two MHV3 vertices only contribute to the two-mass easy
box coefficients. Then the cut contribution to NNMHV one-loop superamplitudes with two
NMHV tree amplitudes is
CII(A)r,r+1,s,s+1(N
2MHV) =
4∏
j=1
∫
d4ηlj
δ(4)(ηl2 [l1 r] + ηl1 [r l2] + ηr[l2 l1])
[l2 l1][l1 r][r l2]
×
δ(8)(|l2〉ηl2 − |l3〉ηl3 +
∑s−1
r+1 |i〉ηi)
〈l3 l2〉〈l2 r + 1〉 . . . 〈s− 1 l3〉
×
∑
a,b
Rl3;ab
×
δ(4)(ηl4 [l3 s] + ηl3 [s l4] + ηs[l4 l3])
[l4 l3][l3 s][s l4]
×
δ(8)(|l4〉ηl4 − |l1〉ηl1 +
∑r−1
t |i〉ηi)
〈l1 l4〉〈l4 t〉 . . . 〈r − 1 l1〉
×
∑
c,d
Rl1;cd,
(3.39)
where the indices a and b in the first NMHV factor satisfy a ≥ r + 1 and a+ 2 ≤ b ≤ s− 1,
and in the second factor we have c ≥ s+ 1 and c+ 2 ≤ d ≤ r − 1.
As in the three-mass box coefficients, the NMHV factors in the integrand Rl3;ab and
Rl1;cd are independent of the loop Grassmann variables and are therefore untouched by the
Grassmann integrations. With these dual conformal invariant factors aside, the remaining
product of delta functions and denominators is identical to those which appear in the MHV
two-mass easy coefficient calculated in Ref. [35]. Thus we have
CII(A)r,r+1,s,s+1(N
2MHV) = C2mer,r+1,s,s+1(MHV)×
∑
r+1≤a,b<s
Rl3;ab ×
∑
s+1≤c,d<r
Rl1;cd
= ∆r,r+1,s,s+1
∑
r+1≤a,b<s
Rs;ab
∑
s+1≤c,d<r
Rr,cd ×
δ(8)(q)∏n
1 〈i i+ 1〉
, (3.40)
where we have applied the kinematic constraints from the MHV3 vertices to make the re-
placements |l1〉 → |r〉 and |l3〉 → |s〉 in the dual superconformal invariants. We have applied
the trace identity eqn. (3.30) to find a result for C2mer,r+1,s,s+1(MHV) which is twice that found
in Ref. [36].
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The last two diagrams in Fig. 2 illustrate the contributions to the two-mass easy box
coefficient with a single N2MHV tree amplitude. This pair of single-N2MHV diagrams differ
by a reflection of the external particle labels, r ↔ s, and we have
CII(B)r,r+1,s,s+1(N
2MHV) =
4∏
j=1
∫
d4ηlj (3.41)
×
δ(4)(ηl2[l1 r] + ηl1 [r l2] + ηr[l2 l1])
[l2 l1][l1 r][r l2]
×
δ(8)(|l2〉ηl2 − |l3〉ηl3 +
∑s−1
r+1 |i〉ηi)
〈l3 l2〉〈l2 r + 1〉 . . . 〈s− 1 l3〉
×
∑
r+1≤a,b<s
Rl3;ab
[ ∑
a≤c,d<b
Rbal3;ab;cd +
∑
b≤c,d<s
Rabl3;cd
]
×
δ(4)(ηl4[l3 s] + ηl3 [s l4] + ηs[l4 l3])
[l4 l3][l3 s][s l4]
×
δ(8)(|l4〉ηl4 − |l1〉ηl1 +
∑r−1
t |i〉ηi)
〈l1 l4〉〈l4 t〉 . . . 〈r − 1 l1〉
+ (r ↔ s).
Considering that the dual conformal invariants are independent of ηl2 and ηl3 and using the
MHV3 vertex constraint to replace |l3〉 → |s〉, the Grassmann delta functions and denomi-
nators reproduce the MHV two-mass easy coefficient,
CII(B)r,r+1,s,s+1(N
2MHV) = C2mer,r+1,s,s+1(MHV)
×
∑
r+1≤a,b<s
Rl3;ab
[ ∑
a≤c,d<b
Rbal3;ab;cd +
∑
b≤c,d<s
Rabl3;cd
]
+ (r ↔ s)
= ∆r,r+1,s,s+1 ×
δ(8)(q)∏n
1 〈i i+ 1〉
×
∑
r+1≤a,b<s
Rs;ab
[ ∑
a≤c,d<b
Rbas;ab;cd +
∑
b≤c,d<s
Rabs;cd
]
+ (r ↔ s). (3.42)
The total contribution to the two-mass box coefficient from box diagrams with a pair of
MHV3 vertices is
CIIr,r+1,s,s+1(N
2MHV) = CII(A)r,r+1,s,s+1(N
2MHV) + CII(B)r,r+1,s,s+1(N
2MHV) (3.43)
=
δ(8)(q)∏n
1 〈i i+ 1〉
∆r,r+1,s,s+1
( ∑
r+1≤a,b<s
Rs;ab
∑
s+1≤c,d<r
Rr,cd
+
∑
r+1≤a,b<s
Rs;ab
[ ∑
a≤c,d<b
(Rbas;ab;cd) +
∑
b≤c,d<s
(Rabs;cd)
]
+ (r ↔ s)
)
,
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where the instruction to interchange the labels r and s applies only to the NNMHV tree
amplitude factor, the second term in parentheses. Note that because of the dual-coordinate
identity xab = −xba we have ∆r,r+1,s,s+1 = ∆s,s+1,r,r+1, so this object can be factored outside
of the (r ↔ s) interchange.
4. Complete box coefficients for one-loop, NNMHV SYM amplitudes
The above contributions to box coefficients are organized according to the number of
three-point MHV vertices contributing to a quadruple cut. The non-MHV3 tree amplitudes
in the quadruple cuts of the previous subsections have multi-particle clusters of external
particles. By restricting the number of external particles at the non-MHV3 corners of the
box, the four-, three-, and two-mass box coefficients calculated above generate the missing
three-, two-, and one-mass box coefficients to complete the n-point, one-loop, NNMHV
superamplitude.
The only contribution to the four-mass box coefficient comes from the all-MHV quadruple
cuts, C4mr,s,t,u, from eqn. (3.31). In the box function expansion, eqn. (3.16), the box integral
Ir,s,t,u multiplies this coefficient.
The three-mass box coefficient receives contributions from the quadruple cuts CIII ,
eqn. (3.38), and also the four-mass quadruple cut diagrams with a single external parti-
cle at exactly one of the corners. Then, for the three-mass box coefficient which multiplies
the box integral Ir,r+1,s,t with K
2
1 = 0, we have
C3mr,r+1,s,t = C
4m
r,r+1,s,t + C
III
r,r+1,s,t. (3.44)
Here we dispense with the (N2MHV) labeling of the cut coefficients.
The two-mass hard box coefficients are obtained from the quadruple cuts CIII by restrict-
ing one of the corners adjacent to the MHV3 to have exactly one external leg. The four-mass
quadruple cut with a pair of adjacent MHV three-point vertices does not contribute to the
two-mass hard box coefficient because of the kinematic constraint of eqn. (2.27). Further-
more, massless corners of a box coefficient must be an MHV or MHV tree amplitude because
NkMHV tree amplitudes with three on-shell particles vanish. Thus, considering Fig. 2, two-
mass hard coefficients which multiply the box integral Ir,r+1,s,r−1 with K
2
1 = K
2
4 = 0 are
obtained from CIII(A) by choosing the massless corner K4 = {r − 1}. The coefficient CIII(C)
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contributes by choosing K2 = {r + 1} followed by the relabeling r → r − 1. The final
two-mass hard contributions come from CIII(B) by choosing either K4 = {r− 1} or choosing
K2 = {r + 1} relabeling r → r − 1. Altogether, for this two-mass hard box coefficient we
have
C2mhr,r+1,s,r−1 = C
III(A)
r,r+1,s,r−1 + C
III(B)
r,r+1,s,r−1 + C
III(B)
r−1,r,r+1,s + C
III(C)
r−1,r,r+1,s. (3.45)
Next we consider the two-mass easy box coefficients which multiply the box integral
Ir,r+1,s,s+1 with K
2
1 = K
2
3 = 0. Such coefficients are obtained from the C
4m quadruple cuts
by restricting two opposite corners to be massless. The quadruple cuts CII of eqn. (3.43)
directly give appropriate two-mass easy box coefficients. The CIII quadruple cuts yield two-
mass easy box coefficients by taking the massless corner K3 = {s}, but the coefficient CIII(B)
vanishes in this case because of the NMHV tree at the corner with momentum K3. The two-
mass easy contributions from the coefficients CIII(A) and CIII(C) also vanish because of the
kinematic constraints from the three-point vertices at opposite corners. Then the two-mass
easy box coefficient is
C2mer,r+1,s,s+1 = C
4m
r,r+1,s,s+1 + C
II
r,r+1,s,s+1. (3.46)
The only non-vanishing contributions to the one-mass box coefficient are obtained from
the quadruple cuts CIII(B) and CII(B) by restricting all corners to be massless except the
corner with a NMHV or NNMHV tree amplitude. All the other one-mass diagrams vanish
because of the kinematic restriction on adjacent MHV or MHV three vertices, or, in the case
of CII(A), because on-shell, three-point NMHV amplitudes vanish. Then the one-mass box
coefficient which multiplies the box integral Ir−2,r−1,r,r+1 with the massive corner K4 is
C1mr−2,r−1,r,r+1 = C
III(B)
r−1,r,r+1,r−2 + C
II(B)
r,r+1,r−2,r−1. (3.47)
This completes the specification of the NNMHV box coefficients for SYM.
IV. SCATTERING AMPLITUDES FOR N = 8 SUGRA
As in the SYM theory reviewed earlier, generating functions for theN = 8 SUGRA theory
are given a holomorphic description in terms of the anticommuting Grassmann variables ηA,
for 1 ≤ A ≤ 8, which transform in the fundamental representation of the R-symmetry SU(8).
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The component states of on-shell SUGRA appear with unique Grassmann-valued coefficients
in the super-wavefunction Φ(p, η). An n-point SUGRA amplitude, the generating function
for scattering amplitudes of particles in the supermultiplet, is written as
Mn(pi, ηi) =M(Φ1, . . . ,Φn). (4.1)
The Grassmann integral identity,∫
d8η η1η2η3η4η5η6η7η8 = 1, i.e. δ(8)(ηA) = η1η2η3η4η5η6η7η8, (4.2)
allows scattering amplitudes with external gravitons of negative and positive helicity to be
selected by applying
∫
d8η and 1, respectively, to superamplitudes.
A general n-point N = 8 SUGRA amplitude is supertranslation invariant and can be
written for n ≥ 4 as
Mn = δ
(4)(pαα˙)δ
(16)(qAα )Rn(λ, λ˜, η). (4.3)
The exceptional three-point amplitudes are shown in detail below. The superamplitudes of
the N = 8 theory conserve the supercharge,
qAα =
n∑
i=1
λi,αη
A
i . (4.4)
As in the SYM theory described previously, Rn is expanded in a series of SU(8)-invariant,
homogeneous polynomials of degree 8k in the η’s,
Rn =
n−4∑
k=0
R8kn . (4.5)
The q¯ supersymmetry can be utilized to eliminate two of the η variables in Mn so that the
degree of the superamplitude is 8(n − 2). The terms in the superamplitude, eqn. (4.3), of
Grassmann degree 8k+16 are the generating functions for NkMHV contributions to SUGRA
scattering amplitudes.
A. Tree-level ordered subamplitudes
In Ref. [40], the SUGRA recursion relations are applied to efficiently calculate explicit,
analytic expressions for all-multiplicity MHV, NMHV, and NNMHV tree amplitudes by
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introducing ordered gravity subamplitudes M(1, . . . , n) related to the complete, Bose sym-
metric physical amplitudes by
Mn =
∑
σ(2,...,n−1)
M(1, . . . , n). (4.6)
The ordered subamplitudes are defined through on-shell recursion, starting fromM(1, 2, 3) =
M3,
M(1, . . . , n) =
n−1∑
i=3
∫
d8ηM(1̂, 2, . . . , i− 1, P̂ )
1
P 2
M(−P̂ , i, . . . , n̂), (4.7)
where, as in the SYM recursion relations, the cyclic order of external legs is preserved in the
factorizations of gravity subamplitudes M . The authors of Ref. [40] prove that the results
of recursion relations for ordered subamplitudes match the amplitudes obtained through the
SUGRA on-shell recursion relations.
The MHV three-particle amplitude and its Grassman-variable Fourier conjugate, the
MHV3 amplitude, are given by
M3(MHV) =
δ(16)(|1〉η1 + |2〉η2 + |3〉η3)
(〈1 2〉〈2 3〉〈3 1〉)2
i.e. R03 =
1
(〈1 2〉〈2 3〉〈3 1〉)2
, (4.8)
M3(MHV) =
δ(8)(η1[2 3] + η2[3 1] + η3[1 2])
([1 2][2 3][3 1])2
.
Applying the on-shell recursion relations to ordered subamplitudes yields
Mn(MHV) =
1∏n
1 〈i i+ 1〉
2
GMHV(1, . . . , n), (4.9)
where GMHV(1, 2, 3) = 1 and otherwise
GMHV(1, . . . , n) = x213
n−3∏
s=2
〈s|xs,s+2xs+2,n|n〉
〈s n〉
. (4.10)
Comparison with the SYM amplitudes of eqns. (3.1) and (3.2) indicates that the MHV
and MHV3 amplitudes for SUGRA are proportional to the “squared” MHV and MHV3
amplitudes of SYM, as discussed in Ref. [40]. It is interesting that “bonus relations” for
SUGRA allow MHV tree amplitudes to be written in a form that require permutations over
only (n− 3) of the external particles [42, 46].
The simple “squaring” relation between MHV and MHV3 amplitudes in SUGRA and
SYM allow the results of on-shell recursion for SYM NpMHV amplitudes to be recycled in the
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on-shell recursion relations for ordered gravity subamplitudes. This procedure is explicitly
carried out up to NNMHV amplitudes for SUGRA. The NMHV ordered subamplitude for
SUGRA is
Mn(NMHV) =
1∏n
1 〈i i+ 1〉
2
∑
2≤i,j<n
R2n;ijG
NMHV
n;ij . (4.11)
The factor GNMHVn;ij and similar factors for N
pMHV amplitudes are expressed in terms of
P l,ua1,...,ar =
u∏
k=l
〈k|xk,k+2xk+2,a1xa1a2 · · ·xar−1ar |ar〉
〈k|xa1a2 · · ·xar−1ar |ar〉
, (4.12)
Za1,...,aub1,...,bl;c1,...,cr =
〈a1|xa1a2 · · ·xau−1au |au〉
〈b1|xb1b2 · · ·xbl−1blxc1c2 · · ·xcr−1cr |cr〉
.
Note that these functions fail to be conformal invariants due to breaks in the chains of labels
which appear in 〈k|xa1a2 from P and the xbl−1blxc1c2 in the denominator of Z. Then defining
fn;2b = x
2
1b and (4.13)
fn;ab = x
2
13(−Z
n,b,a−1
n;a−1 )P
2,a−2
n for a > 2,
GLn;ab = −Z
n,a+1,b,a,n
n;b,a,n P
a,b−3
b,a,n and
GRn;ab = −Z
n,b+1,b,a,n
n;b,a,n P
b,n−3
n ,
the factor in the NMHV SUGRA subamplitude is
GNMHVn;ab = fn;abG
L
n;abG
R
n;ab. (4.14)
The N2MHV SUGRA subamplitude is
Mn(N
2MHV) =
1∏n
1 〈i i+ 1〉
2
(4.15)
×
∑
2≤a,b<n
R2n;ab
[ ∑
a≤c,d<b
(Rban;ab;cd)
2H
(1)
n;ab;cd +
∑
b≤c,d<n
(Rabn;cd)
2H
(2)
n;ab;cd
]
,
where
H
(1)
n;ab;cd = fn;abG
R
n;abf˜n;ab;cdG
L
n;ab;cdG
R
n;ab;cd, (4.16)
H
(2)
n;ab;cd = fn;abG
L
n;abf̂n;ab;cdG
L
n;cdG
R
n;cd.
The new ingredients here are the f˜ in H(1),
f˜n;ab;ad = −Z
n,b,d,a,n
n;b,a,n , (4.17)
f˜n;ab;cd =
(
−Zn,b,a+1,a,nn;b,a,n
)(
−Zc−1,d,b,a,nc−1;b,a,n
)
P a,c−2b,a,n for c > a,
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the f̂ in H(2),
f̂n;ab;bd = −Z
n,d,b,a,n
n;b,a,n , (4.18)
f̂n;ab;cd =
(
−Zn,b+1,b,a,nn;b,a,n
)(
−Zn,d,c−1n;c−1
)
P b,c−2n for c > b,
and the new G-factors are
GLn;ab;cd = −Z
n,a,b,c+1,d,c,b,a,n
n,a,b;d,c,b,a,n P
c,d−3
d,c,b,a,n, (4.19)
GRn;ab;cd = −Z
n,a,b,d+1,d,c,b,a,n
n,a,b;d,c,b,a,n P
d,n−3
b,a,n .
In preparation for sewing these SUGRA tree amplitudes together for the unitarity cuts of
loop amplitudes, we make several remarks about the phase weight of certain spinors which
appear in the factors above. First, GMHV(1, . . . , n) depends on n only through the spinor |n〉
and has zero phase weight in that spinor. The factor P l,ua1,...,ar depends on ar only through the
spinor |ar〉 and has zero phase weight in that spinor. Similarly, Z
a1,...,au
b1,...,bl;c1,...,cr
depends on a1,
b1, au and cr only through the spinors |a1〉, |b1〉, |au〉, and |cr〉. If a1 = b1 then Z
a1,...,au
a1,...,bl;c1,...,cr
has zero phase weight in |a1〉. Likewise, if au = cr then Z
a1,...,au
b1,...,bl;c1,...,au
has zero phase weight
in |au〉. Altogether we conclude that both SYM and SUGRA amplitudes hold all the phase
weight for particle n only in the Parke-Taylor prefactors, (
∏n
1 〈i i+ 1〉)
−1.
B. Ordered subamplitudes at one-loop
The one-loop planar SUGRA amplitudes Mn;1, like the previous SYM amplitudes, are
known to depend only on box integral functions. Then the one-loop planar SUGRA ampli-
tudes have a scalar box-integral decomposition,
Mn;1 = δ
(4)(p)
∑
partitions
(
D4mI4m + D3mI3m +D2mhI2mh + D2meI2me +D1mI1m
)
.
(4.20)
The box integral coefficients of the scalar integrals are quadruple unitarity cuts, calculated
by sewing four tree-level SUGRA amplitudes at each corner of the box,
D =
∫ 4∏
j=1
d8ηljM(l1, {K1},−l2)M(l2, {K2},−l3)M(l3, {K3},−l4)M(l4, {K4},−l1).
(4.21)
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The sum over partitions instructs us to include all partitions of the external particles into
four subsets Ki, consistent with each of the different box functions in the box-integral
decomposition.
Because gravity amplitudes do not possess a color-ordered structure, assigning the exter-
nal particles to the corners of a box diagram requires a large number of distinct partitions.
All possible partitions of the external particles into four subsets, one for each on-shell tree
amplitude in a quadruple cut, must be included to achieve the complete Bose symmetry of
SUGRA amplitudes. Furthermore, the on-shell tree amplitudes appearing as factors in the
box coefficient include all permutations of the participating particles, the external legs Ki
and the virtual particles li and li+1.
In the context of on-shell recursion relations at tree level, this issue is confronted in
Ref. [40] by introducing ordered gravity subamplitudes M(1, . . . , n) related in eqn. (4.6)
to the physical tree amplitude Mn by adding contributions from permutations among the
labels {2, . . . , n− 1}. At tree level, the legs 1 and n are singled out for the complex shifts of
momenta and Grassmann variables which yield on-shell recursion. The all-multiplicity tree
amplitudes in SUGRA are obtained by sewing pairs of ordered tree amplitudes and then
carrying out a permutation sum over the labels of the (n− 2) unshifted external legs.
Instead of carrying out the permutation sum over external particles before sewing the
tree amplitudes, we prove that ordered tree-level subamplitudes may be sewn together to
produce ordered one-loop quadruple cut coefficients, D(1, . . . , n). The cut coefficients are
given by applying the unitarity method for SUGRA at one-loop, that is,
D(1, . . . , n) ≡
∫ 4∏
j=1
d8ηljM(l1, r, . . . , s− 1,−l2)M(l2, s, . . . , t− 1,−l3) (4.22)
×M(l3, t, . . . , u− 1,−l4)M(l4, u, . . . , r − 1,−l1),
where the labels for external particles are cyclically ordered, satisfying r < s < t < u
modulo n. The physical one-loop box functions are constructed from the ordered one-loop
subamplitudes by including all permutations of the external particle labels,∑
partitions
DI =
∑
σ(1,...,n)
∑
r<s<t<u
D(1, . . . , n)I(K1, K2, K3, K4). (4.23)
The external particles are partitioned into the sets K1 = {r, . . . , s− 1}, K2 = {s, . . . , t− 1},
K3 = {t, . . . , u − 1}, and K4 = {u, . . . , r − 1}, and the partitions are understood to be
consistent with the particular box integral.
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The key ingredient in the proof is the Bose symmetry of on-shell gravity amplitudes.
Consider sewing the ordered tree-level subamplitudes and identifying the unpermuted legs 1
and n with the loop legs li and li+1. Then a permutation sum over all the external particles’
labels converts each orded tree-level subamplitude into a physical amplitude. In the proof
we will focus on an arbitrary box function,
∑
perms.DnI(K1, K2, K3, K4), but the analysis
is identical for each of the box diagrams which constitute a complete one-loop amplitude.
The only caveat is that the partitioning of external legs onto corners of the box is not
arbitrary but must be done in accordance with the particular quadruple-cut diagram under
consideration, whether it is a four-mass box or otherwise.
The unitarity method produces a box coefficient by sewing four on-shell tree amplitudes,
as indicated in Fig. 1. All the possible partitions of external legs for each corner of the
box diagram are included to produce a physical amplitude,
⋃4
i=1Ki = {1, . . . , n}. Since
we are examining one box-integral coefficient, the partitions of external legs are implicitly
consistent with its companion box integral. We begin the proof by writing the box function
as the product of sewn tree amplitudes and a scalar box integral, summing over all the
appropriate partitions Ki of external legs,∑
parts.
DI =
∑
Ki
∫ 4∏
j=1
d8ηljM(lj, {Kj},−lj+1) I(K1, K2, K3, K4) (4.24)
=
1
n!
∑
σ(1,...,n)
∑
Ki
∫ 4∏
j=1
d8ηljM(lj, {Kj},−lj+1) I(K1, K2, K3, K4)
=
1
n!
∑
σ(1,...,n)
∑
1<s<t<u≤n
(
n
s− 1
)(
n− s+ 1
t− s
)(
n− t+ 1
u− t
)
×
∫ 4∏
j=1
d8ηljM(l1, 1, . . . , s− 1,−l2)M(l2, s, . . . , t− 1,−l3)
×M(l3, t, . . . , u− 1,−l4)M(l4, u, . . . , n,−l1) I(Ki)
=
∑
σ(1,...,n)
∑
1<s<t<u≤n
∫ 4∏
j=1
d8ηljM(l1, 1, . . . , s− 1,−l2)M(l2, s, . . . , t− 1,−l3)
×M(l3, t, . . . , u− 1,−l4)M(l4, u, . . . , n,−l1) I(Ki)
=
∑
σ(1,...,n)
∑
1<s<t<u≤n
D(1, . . . , n) I(Ki).
In the second line, the complete Bose symmetry of each box function in the on-shell, one-loop
amplitude is used to introduce a redundant permutation sum,
∑
σ(1,...,n)Mn;1 = n!Mn;1.
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Inside the permutation sum, the precise labels which are assigned to each corner by the
partitioning into Ki are irrelevant. Because of the permutation sum, the only distinguishing
feature of the different partitions is the number of external particles assigned to the corners.
Hence, as indicated in the third line, the sum over partitions Ki inside the permutation sum
is equivalent to choosing the convenient partition of external labelsK1 = {1, . . . , s−1}, K2 =
{s, . . . , t−1}, K3 = {t, . . . , u−1}, K4 = {u, . . . , n} and summing over the number of external
legs which appear at each corner. The binomial coefficients count the number of ways each
distinct partition of external legs occurs, choosing s−1 of the n particles for K1 for example.
Inside the permutation sum, all the different orderings of the external legs which lie at a
given corner for fixed s, t, and u yield an identical tree amplitude. Due to the Bose symmetry
of each on-shell tree amplitude in the quadruple cut, the tree amplitude M(l4, 1, . . . , s −
1,−l1), for example, and the (s − 1)! permutations of its external particles are all equal.
Then we can replace each of the equivalent tree amplitudesM with an ordered subamplitude
and choose numeric ordering for the external labels at each corner. This amounts to the
replacementM(l1, 1, . . . , s−1,−l2)→ (s−1)!M(l1, 1, . . . , s−1,−l2) inside the permutation
sum, and likewise for the remaining corners of the box. Finally, cancelling the numeric factors
yields the fourth line and completes the proof that sewing ordered subamplitudes yields an
ordered quadruple cut from which the complete Bose symmetric amplitude can be recovered.
The scalar box integrals of eqn. (3.17) are invariant to permutations among the elements
of each individual Ki. Then collecting terms in the permutation sum, eqn. (4.23), leads to
a sum of ordered boxes which give the coefficient for a particular scalar box integral. The
ordered boxes which contribute to the coefficient of a box integral differ only by relabelings
of the external legs at each separate corner. As an example, the coefficient of the easy
two-mass box integral I(1, {2, 3}, 4, {5, 6}) is the sum of the ordered boxes D(1, 2, 3, 4, 5, 6),
D(1, 3, 2, 4, 5, 6), D(1, 2, 3, 4, 6, 5), and D(1, 3, 2, 4, 6, 5).
C. MHV box coefficients for SUGRA
A single two-mass easy box coefficient determines the one-loop MHV superamplitude in
SUGRA, just as in SYM. The ordered box diagram with a pair of diagonally-opposite MHV3
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vertices yields
Dr,r+1,s,s+1(MHV) =
∫ 4∏
i=1
d8ηli (4.25)
×
δ(8)(ηl1 [r l2] + ηr[l2 l1] + ηl2 [l1 r])
([l1 r][r l2][l2 l1])
2
δ(16)(|l2〉ηl2 − |l3〉ηl3 +
∑s−1
r+1 |i〉ηi)
(〈l3 l2〉〈l2 r + 1〉 . . . 〈s− 1 l3〉)2
×
δ(8)(ηl3 [s l4] + ηs[l4 l3] + ηl4 [l3 s])
([l3 s][s l4][l4 l3])
2
δ(16)(|l4〉ηl4 − |l1〉ηl1 +
∑r−1
s+1 |i〉ηi)
(〈l1 l4〉〈l4 s + 1〉 . . . 〈r − 1 l1〉)2
×GMHV(l2, r + 1, . . . , s− 1,−l3)G
MHV(l4, s+ 1, . . . , r − 1,−l1).
Since the SUGRA factors GMHV contain no η’s and are thus untouched by the Grassmann
integration, the Grassmann integral simply yields the “square” of the SYM result from
Ref. [36],
Dr,r+1,s,s+1(MHV) =
δ(16)(q)∏n
1 〈i i+ 1〉
2
×∆2r,r+1,s,s+1 (4.26)
×GMHV(l2, r + 1, . . . , s)G
MHV(l4, s+ 1, . . . , r).
Since GMHV(1, . . . , n) depends on n only through the spinor |n〉 and has zero phase weight
in |n〉, we have used the kinematic constraints at the MHV3 vertices to replace −l3 → s and
−l1 → 1 without gaining any additional factors.
This one-loop MHV superamplitude is valid for five or more external particles. A de-
generacy of the four-point box functions doubles the result for the box coefficient. Thus, a
factor of two is required to match the result at four point from Ref. [26].
D. NMHV box coefficients for SUGRA
First consider the diagram for an ordered three-mass box coefficient,
D3mr,r+1,s,t(NMHV) =
∫ 4∏
i=1
d8ηli
×
δ(8)(ηl1 [r l2] + ηr[l2 l1] + ηl2 [l1 r])
([l1 r][r l2][l2 l1])
2
δ(16)(|l2〉ηl2 − |l3〉ηl3 +
∑s−1
r+1 |i〉ηi)
(〈l3 l2〉〈l2 r + 1〉 . . . 〈s− 1 l3〉)2
×
δ(16)(|l3〉ηl3 − |l4〉ηl4 +
∑t−1
s |i〉ηi)
(〈l4 l3〉〈l3 s〉 . . . 〈t− 1 l4〉)2
δ(16)(|l4〉ηl4 − |l1〉ηl1 +
∑r−1
t |i〉ηi)
(〈l1 l4〉〈l4 t〉 . . . 〈r − 1 l1〉)2
×GMHV(l2, r + 1, . . . , s− 1,−l3)G
MHV(l3, s, . . . , t− 1,−l4)
×GMHV(l4, t, . . . , r − 1,−l1). (4.27)
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Again we can “square” the SYM result and carry along the GMHV’s, which are untouched
by the Grassmann integrals, to obtain
D3mr,r+1,s,t(NMHV) =
δ(16)(q)∏n
1 〈i i+ 1〉
2
× (∆r,r+1,s,tRr;st)
2
×GMHV(l2, r + 1, . . . , s− 1,−l3)G
MHV(l3, s, . . . , t− 1,−l4)
×GMHV(l4, t, . . . , r − 1, r). (4.28)
We have used the MHV3 kinematic constraint to replace −l1 → r in GMHV(−l4, t, . . . , r −
1, l1). This result contains the square of the superconformal invariant Rr;st, where it is
understood that the “square” of δ(4)(x) is δ(8)(x).
The hard two-mass box coefficients are degenerate three-mass coefficients. The two-mass
hard diagrams with massless corners K1 and K4 are determined by restricting the number
of external legs which attach to the tree amplitudes in the three-mass diagram,
D2mhr,r+1,s,r−1(NMHV) = D
3m
r,r+1,s,r−1(NMHV) +D
3m
r−1,r,r+1,s(NMHV). (4.29)
The final ordered diagrams required for the NMHV SUGRA amplitude at one loop de-
termine the two-mass easy coefficient, containing a single tree-level NMHV superamplitude.
There is no contribution to the two-mass easy coefficient obtained from restricting the three-
mass box with K3 = {s}. As mentioned in Ref. [36], this limit vanishes due to the kinematic
constraints of three vertices. Then we have for the two-mass easy box coefficients with the
massless corners K1 and K4,
D2mer,r+1,s,s+1(NMHV) =
∫ 4∏
i=1
d8ηli
×
δ(8)(ηl1 [r l2] + ηr[l2 l1] + ηl2 [l1 r])
([l1 r][r l2][l2 l1])
2
δ(16)(|l2〉ηl2 − |l3〉ηl3 +
∑s−1
r+1 |i〉ηi)
(〈l3 l2〉〈l2 r + 1〉 . . . 〈s− 1 l3〉)2
×
δ(8)(ηl3 [s l4] + ηs[l4 l3] + ηl4 [l3 s])
([l3 s][s l4][l4 l3])
2
δ(16)(|l4〉ηl4 − |l1〉ηl1 +
∑r−1
s+1 |i〉ηi)
(〈l1 l4〉〈l4 s + 1〉 . . . 〈r − 1 l1〉)2
×GMHV(l4, s+ 1, . . . ,−l1)×
∑
a,b
R2l3;abG
NMHV
l3;ab + (r ↔ s). (4.30)
The summation variables a and b take values from the cluster K2, so that a ≥ r + 1 and
a + 2 ≤ b ≤ s − 1. The dual superconformal invariant Rl3;ab does not depend on ηl2 or
ηl3 , so the Grassmann integrations leaves R
2
l3;ab
GNMHVl3;ab untouched. These factors are carried
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along with the same Grassmann integrals that appear in the MHV-amplitude unitarity cut,
so from that result we have
D2mer,r+1,s,s+1(NMHV) =
δ(16)(q)∏n
1 〈i i+ 1〉
2
∆2r,r+1,s,s+1G
MHV(l4, s+ 1, . . . , r)
×
∑
r+1≥a,b<s
R2s;abG
NMHV
s;ab + (r ↔ s). (4.31)
Here we have used the kinematic constraints of the MHV3 vertices to replace l3 → s in Rl3;ab
and GNMHVl3;ab , which have zero phase weight in |l3〉, and similarly for the G
MHV factor.
The final NMHV box coefficients are the the one-mass boxes. Taking the massive corner
to be K4, the one-mass coefficients are
D1mr−2,r−1,r,r+1(NMHV) = D
3m
r−1,r,r+1,r−2(NMHV) +D
2me
r,r+1,r−2,r−1(NMHV). (4.32)
E. NNMHV box coefficients for SUGRA
With the NNMHV box coefficients for SYM calculated in Section IIIC, the SUGRA box
functions are nearly completely determined. Only the proper “squaring” and insertion of
the gravity G-factors remains to complete the SUGRA box coefficients. We begin with the
four-mass ordered box coefficient,
D4mr,s,t,u(N
2MHV) =
4∏
j=1
∫
d8ηlj (4.33)
×
δ(16)(|l1〉ηl1 − |l2〉ηl2 +
∑s−1
r |i〉ηi)
(〈l2 l1〉〈l1 r〉 . . . 〈s− 1 l2〉)2
×GMHV(l1, r, . . . , s− 1,−l2)
×
δ(16)(|l2〉ηl2 − |l3〉ηl3 +
∑t−1
s |i〉ηi)
(〈l3 l2〉〈l2 s〉 . . . 〈t− 1 l3〉)2
×GMHV(l2, s, . . . , t− 1,−l3)
×
δ(16)(|l3〉ηl3 − |l4〉ηl4 +
∑u−1
t |i〉ηi)
(〈l4 l3〉〈l3 t〉 . . . 〈u− 1 l4〉)2
×GMHV(l3, t, . . . , u− 1,−l4)
×
δ(16)(|l4〉ηl4 − |l1〉ηl1 +
∑r−1
u |i〉ηi)
(〈l1 l4〉〈l4 u〉 . . . 〈r − 1 l1〉)2
×GMHV(l4, u, . . . , r − 1,−l1).
The GMHV factors contain no Grassmann variables and factor out of the integral, leaving us
with the integrand of the SYM four-mass box “squared,”
D4mr,s,t,u(N
2MHV) =
(
x2rtx
2
su
x2rsx
2
tu
∆r,s,t,uRl3;tsuRl4;urt
)2
×
δ(16)(q)∏n
1 〈i i+ 1〉
2
×GMHV(l1, r, . . . , s− 1,−l2)G
MHV(l2, s, . . . , t− 1,−l3)
×GMHV(l3, t, . . . , u− 1,−l4)G
MHV(l4, u, . . . , r − 1,−l1). (4.34)
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Referring to Fig. 2 in order to calculate the ordered box coefficient DIIIr,r+1,s,t(N
2MHV),
we have
DIIIr,r+1,s,t(N
2MHV) = D
III(A)
r,r+1,s,t(N
2MHV) +D
III(C)
r,r+1,s,t(N
2MHV) +D
III(B)
r,r+1,s,t(N
2MHV),
(4.35)
where, for example, the diagram C yields
D
III(C)
r,r+1,s,t(N
2MHV) =
4∏
j=1
∫
d8ηlj
δ(8)(ηl2 [l1 r] + ηl1 [r l2] + ηr[l2 l1])
([l2 l1][l1 r][r l2])
2
×
δ(16)(|l2〉ηl2 − |l3〉ηl3 +
∑s−1
r+1 |i〉ηi)
(〈l3 l2〉〈l2 r + 1〉 . . . 〈s− 1 l3〉)2
×GMHV(l2, r + 1, . . . , s− 1,−l3)
×
δ(16)(|l3〉ηl3 − |l4〉ηl4 +
∑t−1
s |i〉ηi)
(〈l4 l3〉〈l3 s〉 . . . 〈t− 1 l4〉)2
×GMHV(l3, s, . . . , t− 1,−l4)
×
δ(16)(|l4〉ηl4 − |l1〉ηl1 +
∑r−1
t |i〉ηi)
(〈l1 l4〉〈l4 t〉 . . . 〈r − 1 l1〉)2
×
∑
t≤a,b<r
R2l1;abG
NMHV
l1;ab
. (4.36)
The indices a and b in the NMHV factor satisfy a ≥ t and a+2 ≤ b ≤ r−1. The calculation
for diagrams III(A− B) is very similar, and altogether we have
D
III(A)
r,r+1,s,t(N
2MHV) = (∆r,r+1,s,tRr;st)
2
∑
r+1≤a,b<s
R2l3;abG
NMHV
l4;ab
×
δ(16)(q)∏n
1 〈i i+ 1〉
2
×GMHV(l3, s, . . . , t− 1,−l4)G
MHV(l4, t, . . . , r − 1, r), (4.37)
D
III(B)
r,r+1,s,t(N
2MHV) = (∆r,r+1,s,tRr;st)
2
∑
s≤c,d<t
R2l4;cdG
NMHV
l4;cd ×
δ(16)(q)∏n
1 〈i i+ 1〉
2
×GMHV(l2, r + 1, . . . , s− 1,−l3)G
MHV(l4, t, . . . , r − 1, r), (4.38)
D
III(C)
r,r+1,s,t(N
2MHV) = (∆r,r+1,s,tRr;st)
2
∑
t≤a,b<r
R2r;abG
NMHV
r;ab ×
δ(16)(q)∏n
1 〈i i+ 1〉
2
×GMHV(l2, r + 1, . . . , s− 1,−l3)G
MHV(l3, s, . . . , t− 1,−l4),
(4.39)
The kinematic constraint |l1〉 = −
[r l2]
[l1 l2]
|r〉 from the MHV3 vertex has been applied to write
Rl1;uv = Rr;uv, G
NMHV
l1;wz
= GNMHVr;wz , and G
MHV(l4, t, . . . , r − 1,−l1) = GMHV(l4, t, . . . , r − 1, r)
without introducing any additional factors.
The final set of ordered box coefficients for the NNMHV SUGRA amplitude are calculated
from the quadruple cuts with a pair of MHV3 vertices. Thus the two-MHV3 contributions
37
are
DIIr,r+1,s,s+1(N
2MHV) = D
II(A)
r,r+1,s,s+1(N
2MHV) +D
II(B)
r,r+1,s,s+1(N
2MHV). (4.40)
For the first diagram we have
D
II(A)
r,r+1,s,s+1(N
2MHV) =
4∏
j=1
∫
d8ηlj
δ(8)(ηl2 [l1 r] + ηl1 [r l2] + ηr[l2 l1])
([l2 l1][l1 r][r l2])
2
×
δ(16)(|l2〉ηl2 − |l3〉ηl3 +
∑s−1
r+1 |i〉ηi)
(〈l3 l2〉〈l2 r + 1〉 . . . 〈s− 1 l3〉)2
×
∑
a,b
R2l3;abG
NMHV
l3;ab
×
δ(8)(ηl4 [l3 s] + ηl3 [s l4] + ηs[l4 l3])
([l4 l3][l3 s][s l4])
2
×
δ(16)(|l4〉ηl4 − |l1〉ηl1 +
∑r−1
t |i〉ηi)
(〈l1 l4〉〈l4 t〉 . . . 〈r − 1 l1〉)2
×
∑
c,d
R2l1;cdG
NMHV
l1;cd , (4.41)
where the indices a and b in the first NMHV factor satisfy a ≥ r + 1 and a+ 2 ≤ b ≤ s− 1,
and in the second factor we have c ≥ s+1 and c+2 ≤ d ≤ r−1. Factoring the Grassmann-
variable independent factors out of the integral leaves us with the MHV box coefficient,
D
II(A)
r,r+1,s,s+1(N
2MHV) = ∆2r,r+1,s,s+1 ×
δ(16)(q)∏n
1 〈i i+ 1〉
2
(4.42)
×
∑
r+1≤a,b<s
R2s;abG
NMHV
s;ab ×
∑
s+1≤c,d<r
R2r,cdG
NMHV
r,cd .
The kinematic constraints at the MHV3 vertices have been applied to replace l3 → s and
l1 → r in the NMHV tree amplitude factors.
The remaining diagrams, which contains a NNMHV SUGRA tree amplitude, are
D
II(B)
r,r+1,s,s+1(N
2MHV) =
4∏
j=1
∫
d8ηlj
×
δ(8)(ηl2 [l1 r] + ηl1 [r l2] + ηr[l2 l1])
([l2 l1][l1 r][r l2])
2
δ(16)(|l2〉ηl2 − |l3〉ηl3 +
∑s−1
r+1 |i〉ηi)
(〈l3 l2〉〈l2 r + 1〉 . . . 〈s− 1 l3〉)2
×
∑
r+1≤a,b<s
R2l3;ab
[ ∑
a≤c,d<b
(Rbal3;ab;cd)
2H
(1)
l3;ab;cd
+
∑
b≤c,d<n
(Rabl3;cd)
2H
(2)
l3;ab;cd
]
×
δ(8)(ηl4 [l3 s] + ηl3 [s l4] + ηs[l4 l3])
([l4 l3][l3 s][s l4])
2
δ(16)(|l4〉ηl4 − |l1〉ηl1 +
∑r−1
t |i〉ηi)
(〈l1 l4〉〈l4 t〉 . . . 〈r − 1 l1〉)2
+ (r ↔ s). (4.43)
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Only the MHV box coefficient remains after pulling the SUGRA NNMHV tree factor out of
the integrand, leaving the expression
D
II(B)
r,r+1,s,s+1(N
2MHV) = ∆2r,r+1,s,s+1
δ(16)(q)∏n
1 〈i i+ 1〉
2
×
∑
r+1≤a,b<s
R2s;ab
[ ∑
a≤c,d<b
(Rbas;ab;cd)
2H
(1)
s;ab;cd +
∑
b≤c,d<n
(Rabs;cd)
2H
(2)
s;ab;cd
]
+ (r ↔ s). (4.44)
The kinematic constraint for the MHV3 vertex has allowed us to replace |l3〉 → s.
The complete set of ordered box coefficients for NNMHV amplitudes in SUGRA are
determined just as in the SYM case. We have
D3mr,r+1,s,t = D
4m
r,r+1,s,t +D
III
r,r+1,s,t,
D2mhr,r+1,s,r−1 = D
III(A)
r,r+1,s,r−1 +D
III(B)
r,r+1,s,r−1 +D
III(B)
r−1,r,r+1,s +D
III(C)
r−1,r,r+1,s,
D2mer,r+1,s,s+1 = D
4m
r,r+1,s,s+1 +D
II
r,r+1,s,s+1,
D1mr−2,r−1,r,r+1 = D
III(B)
r−1,r,r+1,r−2 +D
II(B)
r,r+1,r−2,r−1., (4.45)
in addition to the four-mass box coefficient D4m.
V. EXTRACTING GLUON AND GRAVITON SCATTERING AMPLITUDES
In order to use our one-loop superamplitudes to generate gluon and graviton scattering
amplitudes, the Grassmann-valued operator∫
dη1i · · · dη
N
i =
∫
dNηi (5.1)
is applied to the superamplitude. As described above eqn. (2.15) in the context of SYM, this
operator extracts the contribution of a negative helicity gluon (for N = 4) or graviton (for
N = 8) to the scattering amplitude. In order to compare our NNMHV results, for example,
with the literature we must perform integrals on the box coefficients such as∫
dNηad
Nηbd
Nηcd
Nηd C(NNMHV). (5.2)
The result of this integral is a box coefficient for a gluon or graviton scattering amplitude
where the legs a, b, c, and d have negative helicity and all the rest are positive.
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Here we provide a formula which makes these integrations straightforward. The general
Grassmann dependence of a NNMHV box coefficient is in the product of the overall super-
charge delta function with a pair of N -component delta functions. We are concerned only
with the appearance of ηi for i = a, b, c, d, and we have schematically
C(NNMHV) = X × δ2N (|a〉ηa + |b〉ηb + |c〉ηc + |d〉ηd + . . .)
× δN (Aηa +Bηb + . . .)δ
N (Cηa +Dηb + . . .), (5.3)
where X is an overall bosonic factor and the (. . .) indicate Grassmann variables other than
the ones of interest. The overall supercharge delta function has been used to write the latter
pair of delta functions so that they each depend on only two of the four Grassmann variables
of interest. Then the identity eqn. (3.21) is applied to carry out the Grassmann integrals,
and we find∫
dNηad
Nηbd
Nηcd
Nηd C(NNMHV) = 〈c d〉
N (AD − CB)NX. (5.4)
The detailed form of the spinor products A, B, C, and D depends on the particular box
coefficient under consideration.
VI. CONCLUSION
We have applied generalized unitarity to calculate the all-multiplicity, NNMHV contri-
butions to one-loop scattering amplitudes in maximally supersymmetric Yang-Mills and
Supergravity. Our results for the NNMHV box coefficients in SYM are expressed in a man-
ifestly dual superconformal form [36], reflecting the proposed duality between dual Wilson
loops and SYM scattering amplitudes at weak coupling. The interesting effects of collinear
and infrared processes on conformal symmetry [47] requires further study. Does the combi-
nation of superconformal and conjectured dual superconformal symmetries [48] fix the form
of scattering amplitudes in N = 4 Yang-Mills?
We also calculated the n-point MHV and NMHV one-loop amplitudes in SUGRA. The
requisite tree amplitudes which are sewn together for the coefficients of quadruple cuts were
calculated in Refs. [35, 40]. The amplitudes we present are generating functions for the
scattering of any of the particles in the supermultiplet appearing as external states. The use
of an on-shell superspace formalism described in Ref. [20] allows scattering amplitudes with
external gluon or graviton states to be easily extracted with Grassmann-valued operators.
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In this paper we proved that the ordered gravity subamplitudes introduced in Ref. [40]
may be sewn together to produce ordered box coefficients from which the complete, physical
box coefficients are obtained by permuting all the external legs. The ordered subamplitudes
are not physical quantities, but they do yield a more efficient means of calculating SUGRA
amplitudes. Instead of permuting over all the legs for each tree amplitude in a quadruple cut,
the ordered trees may be sewn directly and then permuted over only the external legs at the
end. This allows the box coefficients to be represented concisely, for arbitrary multiplicity
scattering processes.
Here we describe the checks we have performed on our results. The results for SYM box
coefficients have been numerically checked against the box coefficients for the amplitude
A7;1(1−, 2−, 3−, 4+, 5+, 6+, 7+) presented in Ref. [49]. The complex conjugate of this seven-
gluon amplitude can be considered a NNMHV amplitude and allows a non-trivial verification
of our box coefficients. We note that the coefficients presented in Ref. [49] multiply box
functions instead of the box integrals alone, where the box functions are scalar box integrals
multiplied by the appropriate ∆r,s,t,u. Thus in comparing our results we find relations
between our coefficients such as
c∗267 =
∫
d4η4 d
4η5 d
4η6 d
4η7
CIII(B)3,4,5,1
∆3,4,5,1
. (6.1)
For the SUGRA box coefficients we have numerically verified that the MHV one-loop
amplitudes for the scattering of four, five, and six gravitons matches the results in Ref. [26]
up to overall normalization of the amplitudes. The complex conjugate of the five-point MHV
coefficients match our NMHV result, and likewise the six-point MHV amplitude, upon con-
jugation, agrees with our NNMHV box coefficients. Recall that the ordered box coefficients
we calculated yield physical SUGRA amplitudes by summing over permutations of the ex-
ternal legs. Then, after this permutation sum is carried out, the physical amplitudes for the
scattering of gravitons can be extracted by Grassmann-valued operators. For instance, we
find the relation[
〈1 2〉8h(1, {2, 3}, 4)h(4, {5, 6}, 1)
]∗
tr2[1(2 + 3)4(5 + 6)]
=
∫
d8η3 d
8η4 d
8η5 d
8η6
∑
σ(23),σ(56)
D4m1,2,4,5. (6.2)
The MHV amplitudes we have checked against have few external legs and thus do not require
all the box functions which appear in the all-multiplicity NNMHV boxes. Nevertheless, they
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provide an affirmation of our method for producing physical amplitudes from ordered box
coefficients.
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